The inverse source problem for monochromatic sources Re[p(r, w)e-iwt] to the scalar-wave equation is investigated. It is shown that a unique solution to the inverse source problem can be obtained by imposing the constraint that the solution minimize the source energy E = Sd 3 r p (r, W) 2. For certain recording geometries the time derivative of the real image produced by a point-reference hologram is shown to be directly proportional to the time-reversed minimum energy source Re[p*ME(r, w)e-ilt] in the short-wavelength limit.
INTRODUCTION
A problem that arises in certain branches of optics and acoustics is the so-called inverse source problem. Within the context of the scalar-wave equation, the inverse source problem consists of deducing a localized source p(r, t) to the inhomogeneous wave equation where k = wic is the wave number at frequency co and #(r, co) is that solution of Eq. (1.3) that obeys Sommerfeld's radiation condition.l For monochromatic scalar sources the inverse problem reduces to that of determining p(r, w) from measurements of ip(r, a) performed outside r. The inverse source problem as described above can be shown to reduce mathematically to solving an integral equation first derived by Porter 2 and later derived independently in a different (but equivalent) form by Bojarski.3 The integral equation in Porter's formulation 2 is r(r, k) = 2k X d3r/p*(r', O)io(k I r-r'), (1.4) where the asterisk denotes a complex conjugate and jo(k I r -r' I) is the spherical Bessel function of the first kind and zero order. The quantity F(r, k) is determined from the value of the field and its normal derivative over any closed surface z completely surrounding T. In particular,
an' I Io)G(r- (1.5) where
is the free-space Green function and a/an' denotes differentiation along the outward normal to 1. The integral equation (1.4) holds at all points r lying within the region enclosed by the surface E.
The quantity F(r, k) can be determined by experimentally recording the value of the field and its normal derivative on z and substituting these recorded values into Eq. (1.5). For cases in which the surface z is a great distance from the source volume, Porter 2 has shown that Re[F(r, k)e-iwtI is well approximated by the real-image field reconstructed from a point-reference hologram. In particular, we record a hologram over the surface Z as illustrated in Fig. 1 by using a spherical reference wave centered at ro lying outside T. If, in the reconstruction process, a converging spherical wave is used with focus at ro, the resulting real image is a good approximation to Re[F(r, k)e-iwt] so long as all points on z are many wavelengths from the source volume r.
Bojarski's integral equation 3 is obtained by taking the complex conjugate of Eq. (1.4) and noting that Fig. 1 . Geometry for obtaining a point-reference hologram of the field radiated by p(r, co). An outgoing spherical wave diverging from ro is used in the construction process, whereas an incoming spherical wave converging to ro is used in the reconstruction process.
The last equality in Eq. (1.7) is a consequence of the identity
for all field points r lying within the volume enclosed by Z. On making use of Eqs. (1.4) and (1.7), we obtain the Bojarski integral equation (1.9) first time derivative of the real-image field in the shortwavelength limit.
MINIMUM ENERGY SOLUTION TO THE INVERSE SOURCE PROBLEM
Let us for the moment consider the Bojarski integral equation (1.9) and take the source volume r to be a sphere of radius R 0 , centered at the origin of a spherical coordinate system (r, 0, k). As was shown by Bleistein and Cohen, 5 we can always decompose the source p(r, w) into the sum of a nonradiating component PNR (r, w) and a component b (r, w) that is uniquely determined from ®(r, k). In particular, Bleistein 
Unfortunately, the integral Eqs. (1.4) and (1.9) do not possess unique solutions. This is because the associated homogeneous integral equations [obtained from Eqs. (1.4) and (1.9) after setting r(r, k) = ®(r, k) = 0] possess nontrivial solutions. Solutions to these homogeneous integral equations are called nonradiating sources and have the property that they generate fields that vanish identically outside their support volume. 4 Nonradiating components of a source are thus inherently unobservable from field measurements performed outside the source volume r and, in particular, cannot be determined from field measurements performed on Z. Detailed discussions of the uniqueness question for the inverse source problem are given in Refs. 5 and 6.
In this paper we show that a unique solution to the Porter and Bojarski integral equations can be obtained if we demand that the solution minimize the source "energy" E = X d3rip(r, W)12.
(1.11) The minimum energy solution pME(r, w) to the inverse source problem is of interest because it can be shown to be orthogonal to all nonradiating sources and can be readily determined from the boundary values of A and (a/an)f on the surface 1.
We also show that if the extent of the source volume r is much greater than a wavelength, then the quantity -i(k/ Ro)I7(r, k) evaluated within r becomes approximately equal to the complex conjugate of the minimum energy solution the last equality resulting from the fact that b(r, w) can be shown to be orthogonal to the class of nonradiating sources. 5 We conclude from Eq. (2.5) that
so that b(r, w), as defined by Eq. (2.2), is the minimum energy solution pME(r, w) to the inverse source problem. Consider now Porter's integral equation (1.4) , where again we shall take T to be a sphere of radius Ro centered at the origin of a spherical coordinate system (r, 0, 0). Because this equation is equivalent to Bojarski's integral equation, the minimum energy solution is, for r < Ro, with a-being defined by Eq. (2.3b) and plm* by Eq. (2.7).
Now one can show 9 that, as kR 0 -> ,
Hence, when kRo»>> 1, l is well approximated byRo/2k 2 . On making this approximation, we find that, when kRo >> 1,
j=-= i (Ro P*ME(r, co), (3.5) with the second equality holding for values of r < Ro. Equation (3.5) states that for field points r lying in the region r < Ro, r(r, k) is, to within the normalizing factor i(Ro/ k), equal to the complex conjugate of the minimum energy solution to the inverse source problem. For cases in which the surface I is far removed from the source volume, we have that 6J(r, t) = Re[F(r, k)e-iwt], (3.6) where 4'(r, t) is the real-image field reconstructed from a point-reference hologram recorded over 1. On comparing Eqs. (3.5) and (3.6), we conclude that
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Roc at = PME(r, -t).
The first time derivative of the image field is thus directly proportional to the time-reversed minimum energy source.1 0
SUMMARY
The inverse source problem has been investigated within the integral equation formulations of Porter 2 and Bojarski. 3 The inherent nonuniqueness of solutions to the inverse source problem has been shown to be due to the existence of nontrivial solutions of the associated homogeneous forms of these integral equations. Such solutions were identified as being the well-known nonradiating sources 4 that generate fields that vanish identically outside their regions of localization. Because of this, the presence of a nonradiating component of a source cannot be inferred from field measurements performed outside the source volume.
It was found, however, that a unique solution to the inverse source problem is possible if, in addition to requiring the source to satisfy the Porter or Bojarski integral equation, it is also required to minimize the "source energy" as defined in Eq. (1.11). Such solutions possess no nonradiating components (i.e., are orthogonal to the class of nonradiating sources) and hence in a certain sense are the most efficient solutions to the inverse source problem.
An expression for the minimum energy solution to the inverse source problem in terms of the field and its normal derivative evaluated on a closed surface Ž; surrounding the source volume was presented in Section 2. It was shown that, when the surface Y is well removed from the source volume, the minimum energy solution can be determined from the real-image field generated by a point-reference hologram recorded over 2. Finally, in Section 3 it was shown that, if the extent of the source volume is much greater than a wavelength, then the first time derivative of the real-image field is approximately proportional to the time-reversed minimum energy solution.
A preliminary account of this investigation was presented at the 1981 Annual Meeting of the Optical Society of America.
